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We explore the family of fixed points of T-Duality transformations in three dimensions. For the 
simplest nontrivial self-duality conditions it is possible to show that, additionally to the spacelike 
isometry in which the T-Duality transformation is performed, these backgrounds must be neces- 
sarily stationary. This allows to prove that, for nontrivial string coupling, the low energy bosonic 
string backgrounds which are additionally self-T-dual along an isometry direction generated by a 
constant norm Killing vector are uniquely described by a two-parametric class, including only three 
nonsingular cases: the charged black string, the exact gravitational wave propagating along the 
extremal black string, and the flat space with a linear dilaton. Besides, for constant string coupling, 
the only self-T-dual lower energy string background under the same assumptions corresponds to the 
Coussaert-Henneaux spacetime. Thus, we identify minimum criteria that yield a classification of 
these quoted examples and only these. All these T-dual fixed points describe exact backgrounds of 
string theory. 
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I. INTRODUCTION 



One of the most fascinating aspects of string theory is 
the existence of the duality symmetries, which turn out 
to relate different regimes of the theory that, a priori, 
would seem to be substantially distinct. The catalog of 
duality symmetries playing an important role in string 
theory includes the quoted T-duality, which relates dif- 
ferent spacetime configurations, so that suggesting that a 
more satisfactory picture is achieved when one considers 
those spacetimes as describing diverse sectors of the same 
string model. For instance, duality transformations may 
map flat backgrounds in curved ones, with the cost of 
generating a nontrivial antisymmetric tensor. Moreover, 
even the topological aspects of the space may abdicate 
in presence of T-duality transformations. Consequently, 
such duality symmetry can be thought of as manifesting 
a deeper relation existing between all the fields arising 
in the formulation of the theory. In general, the under- 
standing of such a duality between two backgrounds is 
that both are, actually, two spacetime interpretations of 
the same string solution. A particular realization of this 
idea is the fact that, even though a given low energy 
string solution and its dual can correspond to a pair of 
distinct background configurations, the conformal field 
theory description of both models is indeed the same [l| 
and, thus, both are equivalent from the string theory 
point of view Q ■ 

The interpretation of T-duality as a symmetry mani- 
festing such a deep aspect of string theory can be found 
with particular conciseness in Refs. 0,(3. This perspec- 
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tive establishes that the spacetime metric provides just 
a crude description of what string geometry actually is. 
Then, the metric would not be a proper characterization 
of the string geometry since it is not enough to fully re- 
alize the symmetries of the string theory. To be precise, 
fundamental properties of the metric as its curvature, its 
causal structure, or its asymptotic behavior are not, in 
general, invariant under duality transformations [J] . Fur- 
thermore, it is currently suggested that the existence of 
T-duality could be seen as a manifestation of the fact 
that the spacetime itself is merely an emergent notion 
rather than a fundamental element in string theory [f|. 
Then, this point can be regarded as one of the motiva- 
tions to study the properties remaining invariant in the 
space of solutions under duality and, in particular, to 
study the fixed points of it. The physics at the fixed 
points of T-duality manifests important properties of the 
string theory that, in other regimes, could remain hidden. 
Such aspects include the well known enhancement of the 
symmetries of the theory, with which we are familiarized 
due to the well known case of string theory on fiat space 
compactified on the self-dual radius R — \J1o! . Besides, 
the thermodynamics of the self-dual solutions presenting 
event horizons also exhibits particular properties [f| , and 
it can be also thought of as an additional motivation to 
study it within the context of string theory in curved 
spacetime. More importantly, self-T-dual backgrounds 
are believed to play an important role in the search for 
string theory vacua [7|. 

Here we will analyze T-duality within the context of 
the three-dimensional low energy effective theory coming 
from the bosonic string theory. A particular property of 
three dimensions is that all the low energy solutions with 
constant string coupling, i.e. constant dilaton, turn out 
to be exact solutions to the string theory beyond the field 
theory approximation. This is related to the fact that, 
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in three dimensions, the Weyl tensor is identically zero 
and thus the Riemann tensor is completely determined 
by the Ricci tensor through R^ p(T = g w R va + SW-R/v - 
9v P Rpa - g^aRyp - \{9p,p9va - gpa9vp)R- Besides, in 
three dimensions the second order Gauss-Bonnet term 
vanishes, Rp Vp<J R^ pa + R 2 - AR^R^ = 0, and the an- 
tisymmetric Kalb-Ramond field strength Hp Up turns out 
to be proportional to the volume three- form T\p V p- 

All 

these conditions enable one to make use of the field re- 
definition freedom and eventually show that a picture in 
which the D = 3 effective action has all a' corrections 
depending only on the derivatives of the dilaton does ex- 
ist Then, those solutions of the three-dimensional 
low energy effective theory for which the dilaton results 
to be constant remain exact to all orders. Moreover, all 
the solutions to Einstein theory with negative cosmolog- 
ical constant, A < 0, can be actually embedded in the 
three-dimensional string theory. In fact, the leading or- 
der solution with constant string coupling, i.e. constant 
dilaton, in three dimensions turns out to be the three- 
dimensional Anti-de Sitter space, or its cosets over dis- 
crete subgroups. This includes, of course.the case of 
the Bahados-Teitelboim Zanelli black hole [g, M and the 
Coussaert-Henneaux [l(| geometry (see also [Hj]). The 
last case is specially remarkable by its self-T-dual char- 
acter [ioj ]. For the case of nonconstant dilaton, solutions 
which do not receive corrections do exist as well; the 
charged black string is perhaps the most celebrated ex- 
ample of this • Thus, the catalog of solutions of three- 
dimensional string theory is rich enough to consider it as 
an interesting toy model to study the physical content of 
the theory. 

In the next section we review the T-duality transforma- 
tions and analyze the simplest properties that a nontriv- 
ial string background must satisfy in order to be a fixed 
point of these transformations; the possibility of having 
more general self-dual backgrounds is discussed in Ap- 
pendix C. In Sec. lIIII wc establish a Birkhoff's theorem for 
such spacetimes of the simplest nontrivial class satisfying 
the low energy string equations. In doing this, we find 
two stationary branches depending on whether a nontriv- 
ial string coupling is allowed or is not. For a trivial string 
coupling, we show that the only self-T-dual background 
with a constant dilaton is precisely the previously quoted 
Coussaert-Henneaux spacetime [Ty] . This is actually re- 
lated to the fact that the leading order three-dimensional 
solutions to the effective equations with constant dilaton 
must be constant negative curvature spacetimes as was 
mentioned before, i.e. they are locally AdS^. In the other 
branch, corresponding to backgrounds exhibiting a non- 
constant dilaton, it is proven that the simplest nontrivial 
self- T-duality configurations arc uniquely described by a 
two-parametric family. This class is analyzed separately 
in Sec. |TV] using as guide the existence of hypersurface 
orthogonal Killing fields. The above allows a classifi- 
cation depending on the values of the integration con- 
stants and containing just three self-T-dual backgrounds 
which are regular or at least no contains naked singu- 



larities. For generic values of the integration constants 
the backgrounds correspond to the charged black string 
.13]; for an extremal case they become an exact gravita- 
tional wave propagating along the extremal black string 
[Til ], and for vanishing constants we recover flat space 
with a linear dilaton. Some relevant information is in- 
cluded as Appendices. The first Appendix contains the 
explicit form of the lower energy string equations for the 
self-T-dual configurations under study. A second one is 
devoted to justify the gauge elections made on the dila- 
ton in Sec. IHIl As it was mentioned, a third Appendix 
explores the possibility of constructing more general self- 
dual backgrounds besides the ones analyzed in the main 
part of the paper. 

II. ON SELF-T-DUALITY 

The low energy effective action, describing the particle 
limit of the bosonic string dynamics in 2 + 1 dimensions, 
is given by 

S = J d^V^ge- 2 * f ~ + R + 4V Q $V Q $ 

- ±H aPl H a ^ , (1) 

where $ is the dilaton field, H a01 — d[ a Bp^ is the field 
strength of the Kalb-Ramond field B a p , and the constant 
k turns out to be related with the central charge of the 
sigma model. For those cases where a given background 
has been recognized as an exact conformal one, the value 
of k typically corresponds to the level of the WZNW 
model involved. The equations of motion yielding from 
the action above read 

R a0 + 2V Q V/j$ - ^R aia ,Hfr = 0, (2a) 
Vp{e- 2 ^H^) = 0, (2b) 
□$ - 2V Q $V Q $ + \ + ^-H al3l H a ^ = 0. (2c) 

A very interesting property of string theory is the fact 
that the above low energy string equations turn out to 
be invariant under the often called T-duality transforma- 
tions. This is a symmetry of the theory that maps any 
given solution (c/^j,, B pu , <£>) with a translational symme- 
try, lets say along the direction d x , to another solution 
Qp V , Bp V , $) given by the Buscher rules [l5[ 
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where to, n represent the other directions, different from 
x. 

Within this context, a natural question arises as to 
whether the previous system allows the existence of self- 
T-dual configurations, i.e. the existence of string back- 
grounds which result to be fixed points of the above T- 
duality transformations. In fact, it is well known that 
this is actually the case, as the study of the Coussaert- 
Henneaux spacetime shows floj , and what we want to 
analyze here is the existence of other relevant examples. 
These self-dual configurations are to be defined as those 
having a special symmetric direction such that they co- 
incide with the corresponding T-dual modulo diffcomor- 
phisms and gauge transformations. 

The simplest way to obtain a self-dual configuration is 
to fix g xx = 1 and additionally to impose g xm = and 
B = 0. Under these conditions the background is mani- 
festly self- T-dual. However, we are interested in less triv- 
ial examples. That is why here we will focus our attention 
on all the particular cases of self-T-dual configurations 
that present a Killing vector m = d v with constant norm 
g(m, m) = a 2 — const; in this way the special direction 
is given by an appropriated normalization d x = a~ 1 d v . 
Having g xx = 1 leaves invariant the dilaton and the com- 
ponent g xx itself in the transformations ((3]) . A remaining 
condition in order to obtain self-T-duality would be then 
B xm — 9xm- Notice that this last condition has to be 
understood as holding up to gauge transformations and 
coordinate transformations preserving the Killing direc- 
tion d x . Further, we will use this condition as a gauge 
fixing actually. Summarizing, demanding the existence 
of a constant norm Killing field is the simplest way to 
obtain nontrivial self-dual backgrounds. This is not a 
necessary requirement, that is why we study in Appendix 
[Cla possibility of constructing backgrounds without such 
property. Nevertheless, straightforward attempts to find 
an explicit example do not succeed. 

The above considerations motivate the study of those 
string backgrounds for which the metric exhibits the 
generic form 

g = g^ +a 2 [d V + W m {x n )dx m ]\ (4) 

where = g^ n (x n )dx m dx n (to, n — 0,1) is the metric 
of a two-dimensional spacetime. In the case of stationary 
configurations we have an additional timelike Killing field 
k = dt, and the two-dimensional metric can be written 
as 

g( 2 )=-N(rfF(r)dt 2 + ^- (5) 

F{r) 

where a gauge election still remains to be fixed. 

A particular example of the previous class is the metric 
of the Coussaert-Henneaux spacetime, which is given by 

F(r) = 1, (6a) 
N(r) = cosh(2r/Z), (6b) 

W m {r) = -smh(2r/l)S t m , (6c) 



and where (f is periodically identified with ip + 2tt. This 
example describes a spacetime with constant negative 
curvature R = —6/1 2 and isometry group SO{2) x 
SO (2, 1). This background is also a solution to low en- 
ergy string theory equations ([2]) with <E> = const, and 
H a p 7 given by the volume three-form modulo a con- 
stant [lO]. This is because, for a constant dilaton, 
the low energy string action |1| becomes the Einstein- 
Hilbert action with an effective cosmological constant 
A = — I /I 2 = — 1/fc. This is which allows to embed any 
three-dimensional constant negative curvature spacetime 
within low energy string theory, as it has been explic- 
itly shown in Refs. [H and [l(| for the BTZ black hole 
[1, [t| and the Coussaert-Henneaux spacetime re- 
spectively; see also [3, [2(| . These constant curvature so- 
lutions could seem to be no so interesting from the string 
theory point of view since them solve the equations of mo- 
tions in a regime where string theory just mimics General 
Relativity. Nevertheless, it is worth noticing that such a 
regime can be, in some cases, related to a nontrivial one 
by T-duality, e.g. the BTZ black hole turns out to be T- 
dual to the charged black string solution which presents 
a nontrivial dilaton configuration [17| . 

III. BIRKHOFF'S THEOREM FOR A CLASS OF 
SELF-T-DUAL BACKGROUNDS 

In this section we present a Birkhoff 's theorem for the 
class of three-dimensional string backgrounds which re- 
main invariant under T-duality transformations gener- 
ated by constant norm directions. In fact, we prove that 
additionally to the constant norm spacelike Killing field 
m realizing T-duality, there exists another Killing field 
k which turns out to be timclike; so that the result- 
ing three-dimensional self- T-dual configurations must be 
necessarily stationary. This will allow us to identify an 
important set of quoted self-T-dual examples within the 
class considered here. 

In order to prove this result we will make use of the 
following explicit form for the metric 

dr 2 

g = -N(t 7 r) 2 F(t,r)dt 2 + —— 

F(t,r) 

+ a 2 (d<p + W(t,r)dt) 2 , (7) 

where we have already used part of the diffcomorphism 
invariance in order to fix the components gt r = = g vr . 
The low energy string equations {2]), once evaluated for 
the ansatz ([7]) assuming that the dilaton and the Kalb- 
Ramond field are also <p- independent, are explicitly writ- 
ten down in Appendix [A] Their integration depends on 
a remaining gauge election. Such gauge election and the 
resulting local solutions depend on the nature of the sur- 
faces = const., defined by the string coupling; these 
surfaces can be timelike, spacelike or null, or they can be 
not defined at all if the string coupling turns out to be a 
constant. Hence, the corresponding open neighborhoods 
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can be classified according to the three possible signs of 
the following norm 



v 2 = V„e" 



Fe 



-2$ 



($')2 _ 



N 2 F 2 



(8) 



For each sign we make a separate analysis employing a 
different choice of coordinates, which also make easier 
the integration of the field equations. Notice that it is 
sufficient to analyze the case of positive F only, since 
changing the sign of F just corresponds to changing the 
sign of v 2 . 



Case v > 0: regions r < r_ or r > r+ 



For open neighborhoods where V M e ^V^e * > the 



surfaces e — const, 
gauge such that 



are timelike and we can fix the 



-*(t,r) _ r 



(9) 



i.e. in this coordinates the string coupling e* vanishes 
when r goes to infinity. We provide a complete justifica- 
tion for this election on Appendix iBl With this choice, 
the low energy string equations (see Appendix [A")) can be 
easily integrated, yielding the following metric functions 



F(t,r) 
N(t,r) 

W(t,r) 



-No®, 
r 



4r 2 ' 



(10a) 
(10b) 

(10c) 
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dt A dip. 



(13a) 
(13b) 
(13c) 



According to our gauge election this solution is valid only 
in the regions where F > 0. For values of the integration 
constants such that |J| < Myk the function F turns 
out to be positive for r < r_ or r > r + , where r± are 
the positive roots of the equation F = 0, and these are 
defined by 



M = 



\J\ = 



2r 4 



(14) 



On the other hand, for values of the integration con- 
stants obeying \J\ > M\fk the function F turns out to 
be positive everywhere. Accordingly, the coordinate r is 
restricted to be defined within the region {r < r_}U{r > 
r + } for |J| < Myk and has no restriction at all when 
|J| > MVk. 

It is easy to check that in the special direction d x — 
a~ 1 d lp not only g xx = 1 but additionally 



R - - Ja xt 

tjxm 9xm m ' 



(15) 



and, as was mentioned at the beginning, this guarantees 
the self- T- duality of the previous string background. 



where N and Wo are arbitrary functions of t, and where 
M and J are two integration constants. Additionally, we 
obtain the self-duality condition 



J 



(11) 



where the constant c is related to the axion charge per 
unit length, see Eq. (|A1|) in the Appendix lAl 

Moreover, functions Nq and Wo above can be elimi- 
nated by the following coordinate transformation 

(t, r, <p) ^ (J N (t)dt, r,<p + f W Q (t)dt) , (12) 

which makes evident that there is no time dependence. 

Next, we have to integrate the Kalb-Ramond field from 
H = dB and Eq. (|A1|) . considering that the antisymmet- 
ric field can be determined only up to gauge transforma- 
tions B — > B + dA, where A is an arbitrary vector field. 
Then, we end up with the following stationary configu- 



B. 



Case v < 0: region r_ < r < r+ 



Now, let us move to the open neighborhoods where 
v 2 takes negative values. In these regions the surfaces 
e~* = const, are spacelike and the time coordinate can 
be identified as (see Appendix [B} , 



-#(t,r) _ ^ 



(16) 



In this gauge the string coupling does decay in time. 
Then, as it can be deduced from the equations in Ap- 
pendix [XI this fact implies the following form for the 
metric functions, 



F(t,r) 
N(t,r) 
W(t,r) 



t z 



cPNo{rff{tY 

J J N (r)dr 
1? 



Wo{t), 



(17a) 
(17b) 
(17c) 
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where No and Wq are arbitrary functions of r and t, re- 
spectively, and where 



(18) 



with M and J being two integration constants. In this 
case the self-duality condition (fTTj) is again fulfilled. 

In order to preserve the condition F > 0, the function 
/ must be positive as well. Hence, the above solution 
turns out to be valid only for |J| < My/k within the 
range t- < t < t + , where t± are the positive roots of the 
equation f(t) = 0. 

Once again, the functions No and Wo can be eliminated 
by rescaling the coordinate r and shifting the coordinate 
ip appropriately. However, making the following coordi- 
nate transformation 



(t, r, ip) i * 
(jN Q {r)dr,t,p 



JW (t)dt+^jN (r)dr), (19) 



which additionally interchanges the resulting coordinates 
t and r, the solution takes the same form as the back- 
ground (I13|) . but now restricted to satisfy the condition 
r 2 /k — M + J 2 /Ar 2 < 0. This is obeyed only when 
|J| < MVk for r_ < r < r+. The open regions ana- 
lyzed here for \J\ < Myk are naturally glued with the 
corresponding ones of the previous section at the points 
r± where v 2 changes its sign due to the vanishing of the 
function F, see definition (JS]). 

Taking into account the discussion of this subsection 
and that of the previous one, we can conclude that the 
union of the different cases studied up to now gives rise 
to all the different patches of the background (fT3]) for any 
value of its integration constants M and J. It remains 
to study now the case for which v 2 vanishes in an open 
region. 



Case 



0: Coussaert— Henneaux spacetime 



Then, let us close this section discussing the case for 
which v vanishes in an open neighborhood. The fact that 
the surfaces e~* = const, are null surfaces implies 



$ = FN&. 



(20) 



Inserting this condition in the dilaton equation ( |A2g[ ) we 
obtain 



equations (see Appendix [A"|) leading to the expressions 

N(t, r) = N (t) cosh f^= + H Q (t)j , (22a) 

W ^r) = I ^ S mh(^=+Ho{t) S j+Wo{t), (22b) 

where No, Wq, and Ho are time dependent integration 
functions. 

The functions No and Wq can be again eliminated by 
an appropriate rescaling of the time t and a shifting of 
the coordinate tp, similarly as the ones used in the trans- 
formation (fT2"|) . This is equivalent to choose N = 1 and 
Wo = 0. The conditions for making the function Ho 
to vanish turns out to be more subtle. In Ref. [l6| a 
Birkhoff's theorem was proven for the class of metrics 
([7]) described by gravity in presence of a negative cosmo- 
logical constant. In particular, it was proven that for a 
metric determined by the functions above there exists a 
coordinate system in which Ho = 0. The involved trans- 
formation is highly nontrivial, however, it can be found 
for any nontrivial function Ho, see the last Appendix of 
Ref. [16| . In terms of these coordinates the final configu- 
ration reads 

cosh 2 ( ^] dt 2 + dr 2 



1 f 2r 
dip H — sinh —= I dt 



B 



f 2r\ 
—a sinh —= dt A dip, 

\VkJ 



(23a) 
(23b) 
(23c) 



where the metric (|23al) corresponds to the one of the 
Coussaert-Henneaux spacetime with constant negative 
curvature R = — 6/fc [10| . if one imposes the identifica- 
tion ip = tp + 2tt. The connection between the results 
of this subsection and those of Ref. 16] is not a mere 
coincidence, it is due to the fact that, for a constant dila- 
ton, the three-dimensional low energy string effective ac- 
tion becomes the Einstein-Hilbert term plus a negative 
cosmological constant. Again, in the special direction 
d x = a~ 1 d lp the above background satisfies g xx = 1 and 

B xm = 9xm = sinh ^ ( 24 ) 

which manifestly shows its self-T-dual character. 



c 2 e 4 * 



k' 



(21) 



IV. CLASSIFYING BACKGROUNDS WITH 
NONTRIVIAL STRING COUPLING 



i.e. the dilaton must take a constant value $ = <I>o. This 
implies that we must take a different gauge election in 
this case. Then, we choose one for which the coordinate 
r is a proper distance: F(t, r) = 1. The remaining metric 
functions are easily determined from the nontrivial field 



In the previous section it was shown that there are two 
distinguishable branches of self-T-dual backgrounds with 
constant norm self-dual direction, depending on whether 
the string coupling is constant or is not. For a con- 
stant dilaton, the Coussaert Henneaux spacetime 
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was identified as being the only possibility. On the other 
hand, for a nonconstant dilaton, we obtained the gen- 
eral two-parameter solutions (fT3jl . In this section we will 
study these last solutions in order to completely identify 
the different string backgrounds contained within this 
class. 

First, we notice that for J = 0, M > 0, the config- 
uration (fT3|) reduces to the uncharged black string [13| . 



1 - ^1 dP 

r 



l / Vkf 



M 



1 kdf 2 



Af 2 



dx 2 , (25a) 



(25b) 



with B = and mass (per unit length) M. = r 
where we used the coordinate change 



(i, r, f) i— * it = at/Vk, f — r 2 /7k, x = 



-/Vk, 



(26) 



It is known that this background corresponds to the di- 
rect product of the two dimensional Witten black hole 
[2ll . |22| and the line, which is evident making the redefi- 
nition f — M. cosh 2 (/? / 7k) , 



tanh 2 (^^J dt 2 + d p 2 + dx 2 , (27a) 



$ = - In 



Vk^ 2 M 



cosh ( — = 
\7k 



(27b) 



This background is also known to be T-dual to the static 
BTZ black hole [H , which is an orbifold of the SL(2, R) k 
WZNW model. ' 

We will argue here that a similar situation occurs for 
J ^ 0, i.e. we will show that the configuration (fl3|) coin- 
cides with the charged black string except for spe- 
cial values of the integration constants. However, one 
may be puzzled about the fact that both the uncharged 
black string solution described above and the charged one 
turns out to be static spacetimes, while the background 
(p~3|) does not seem to be so. In order to clarify this point, 
we will make a classification of the different spacetimes 
contained within the class (|13[) in terms of their proper- 
ties concerning the existence of hypersurface-orthogonal 
Killing fields k s . This is equivalent to demand the fulfill- 
ment of the Frobenius integrability condition 



k s A dk s = 0, 



(28) 



for a given combination fc s of the Killing fields. 

On the one hand, for values such that |J| < M\fk 
we observe that when r + > r_ the only combinations of 
the Killing fields which are hypersurface-orthogonal and 
timelike in the exterior region r > r + must be propor- 
tional to 



fc s = d t 



(29) 



For the extremal case r + — r_ 7^ the hypersurface- 
orthogonal Killing fields are also given by the previous 
expression, but they become null in this limit. Finally, for 
r + = = r_, any Killing combination is hypersurface- 
orthogonal. 

On the other hand, for |J| > M\fk there are no 
hypersurface-orthogonal Killing fields if J 7^ 0, and 
the case of vanishing J allows both Killing fields to be 
hypersurface-orthogonal. We will analyze each of these 
cases separately in the following subsections, and we will 
show that they actually describe spacetimes with differ- 
ent properties. 



A. Case r+ > r_: The charged black string 

For r + > r_ the existence of the stationary and 
hypersurface-orthogonal Killing field (|29|) in the exte- 
rior region r > r + guarantees that this region is actu- 
ally static, i.e. the off-diagonal terms in metric (|13ap are 
just an artifact of the gauge that has been chosen. Then, 
we find convenient to change to a new coordinate system 
adapted to fe s and where the staticity turns out to be 
explicit; namely 



(t, r, <p) 



a (r + t — r_vfc (fi) 

a (r+\/fc f — r-t) 
7% {r\-r 2 _yl 2 ; 



(30) 



In these coordinates the string background ([13]) takes the 
form 



iJVkr 



B = —dtAdx, 



(31b) 
(31c) 



where M. = r\/*Jk and |Q| = r + r^/7k. This corre- 
sponds to the three-dimensional charged black string [l3| 
with mass (per unit length) M. and axion charge (per unit 
length) Q. This non-linear sigma model corresponds to 
the WZNW model formulated on 5L(2,R) x R/R. 

The T-dual properties of the charged black string were 
explored in Refs. [H, E3- Its dualization along x gives 
a boosted uncharged black string . Dualizing along a 
more general spacelike direction both the BTZ black hole 
and another charged black strings can be obtained [l7l |- 
As it has been seen here, the charged black string is also 
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a fixed point of the T-duality transformation where the 
sclf-T-dual direction is given by 



d x 



1 



^{Md & -\Q\d t ). 



Next, let us move to consider the extremal case. 



(32) 



B. Case r+ = r_ ^ 0: Gravitational wave 
propagating along the extremal black string 

For the extremal case r + = ?*_ ^ the hypersurface- 
orthogonal Killing field (|29j) turns out to be null. Such 
kind of null symmetries are usually associated to the ex- 
istence of gravitational waves, and we will explicitly show 
that this is actually the case. Using the following coor- 
dinates adapted to the null vector, 



(t + Vk<p), 



[t,r,tp) >-> v 



2\fk 



u = —= (t — \fk ip) 



(33) 



it is possible to express the configuration (fT3| as 
9 = 



< •W^n, , L M\ kdr 2 
1 - — 2 dudv + 1 - — — r 

r I \ r I 4r z 



M 



du 2 



1 / yk r 
■ In 



M 

B = -^-dv A du, 



(34a) 
(34b) 
(34c) 



where, again, Ai = r^/y/k. The first two terms of metric 
(|34ap describe the extremal black string, Q 2 — M 2 , in 
null coordinates v = (t + x)/2, u = t — x. In fact, using 
an appropriate parameterization for fc s the above metric 
allows the following representation 

9^ = 9% + y(}-t) 2fc . fc - (35) 

where g c is the metric of the extremal black string. Since 
fe s is a null Killing field it is also geodesic, hence the above 
expression represents a generalized Kerr-Schild transfor- 
mation of the extremal black string. In other words, the 
string background (|34[) describes an exact gravitational 
wave propagating along the extremal black string [141 ]. 

In Ref. [17| it was shown that the extremal BTZ black 
hole is T-dual to this gravitational wave (see also [H, 
|n|). Here we have made the self- T-duality of this wave- 
like solution explicit, and showed that this is realized 
along the direction 



(36) 



The next case that requires to be studied would be that 
for which all integration constants vanish. 



C. Case r+ — — r--. Flat space with linear dilaton 

This case turns out to be the simplest one. By using 
the following coordinates 

(tj r, ip) i— > (t — at/Vk, f — \fk hi(r/a), x = atpj , (37) 



background (|13|) simply becomes flat space with a linear 
dilaton and vanishing axion; namely 



g = -dP + dr 2 + dx 2 , 



Vk' 



(38a) 
(38b) 



In this case the self- T-duality along the direction d x is 
explicitly manifest. It is interesting to remark that this 
background is the asymptotic geometry of the two pre- 
viously studied cases when their coordinate r goes to in- 
finity. 

Finally, let us briefly discuss the cases where |J| > 
M\/k. 



D. 



Case \J\ > Myfk 



So far, we have examined those cases for which the 
horizon radius r± turns out to be defined, and this ac- 
tually occurs for values such that |J| < Myk. The rea- 
son for this is that for \J\ > Myk the geometry (|31aj) 
presents a naked singularity at r = 0. This is similar to 
the case of the BTZ geometry. However, even though we 
focus our attention to those geometries where no such 
singularities exist, we find illustrative to discuss one par- 
ticular case of that sort here. As it was previously pointed 
out, for these values of the integration constants the case 
with J = is special since it allows the existence of 
hypersurface-orthogonal Killing fields in contrast to the 
case J ^ where the existence of these fields is forbidden. 
Let us describe this case in some detail. For vanishing 
J the condition |J| > M\fk implies that M is negative. 
Then, by choosing the following coordinates 

(t, r, ip) i * 

(t — at/Vk, p — Vk arcsinh(r/\/— Mk), x — aip^j , (39) 
the background (fT3|) takes the form 



g 

4> 



cotlr 



VkJ 



dP + dp z + dx z 



In 



11 ' vf ) 



(40a) 
(40b) 



with a vanishing Kalb-Ramond field. This geometry 
turns out to be dual to the Witten 2D black hole times 
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the real line (|27|) . if the duality transformation is thought 
of to be performed along the timelike direction i. Time- 
like T-duality was discussed in Ref. [23[ within the con- 
text of three-dimensional string theory, and it was shown 
to relate positive mass solutions to singular analogs of 
negative mass. Here, we are only considering standard 
spacelike duality transformations instead. Actually, ap- 
plying T-duality in the spacelike x-direction one verifies 
that the background above remains invariant. It does 
represent a self-dual background describing a naked sin- 
gularity. 

Let us also notice here that a double Wick rotation can 
be performed, namely t — > i9, x — > it, and then used to 
show that the metric takes the form 

g 1 = -dr 2 + dp 2 + coth 2 (~j=j d ° 2 - ( 41 ) 

This geometry is also a solution of the low energy string 
equations, and corresponds to the product between the 
time direction r and the often called trumpet geometry, 
which turns out to be the T-dual to the Witten cigar 
2], i.e. this is dual of the Euclidean version of the two- 
dimensional black hole. In fact, by performing T-duality 
in the ^-direction one gets 

= -dr 2 + dp 2 + tanh 2 f-^J\ d6 2 , (42) 

which is the product between the time direction r and 
the Witten cigar. Since the function tanh 2 (p / \/~k) van- 
ishes at p = 0, the ^-direction finds a fixed point at the 
origin, where its T-duality transformation is not actually 
defined; this explains the divergence that its dual (|4"Tj) de- 
velops at p = 0. Notice that this is analog to the quoted 
example of the three-dimensional Minkowski space rj ex- 
pressed in polar coordinates (t, p,#), which, once dual- 
ized along the ^-direction, yields a dual r\ that develops a 
singularity at the origin p = [H . It is clear from Eq. (|42|) 
that performing the double Wick rotation backwards one 
ends up with the Witten black hole times the line (|27|) . 
The trumpet geometry (|4"Tj) is also T-dual to AdS% space, 
as it was studied in [17| as a particular case of the BTZ 
geometry; and more important for us is that (|40|) results 
self-dual as well. All this cascade of dualities turns out to 
be interesting and, indeed, suggestive. First, we should 
point out that, from the viewpoint of the CFT world- 
sheet formulation of string theory, both backgrounds (|4"Tj) 
and (I42p are completely equivalent. The CFT involved 
turns out to be the SX(2, R) k /U(l) WZNW model, which 
presents a SL(2,R)k x SL(2,R)k symmetry group, and 
the duality transformation that translates one target- 
space picture into the other simply corresponds to chang- 
ing the sign in one of the currents J a that generate one 
of the two SX(2, R)'s factors (let us say the right-handed 
factor). This also resembles the symmetry under dualiz- 
ing the radius as R — > Rr 1 in the compactification of the 
free boson, which represents the prototypical example to 
discuss the T-duality. Regarding the CFT description of 



the T-duality, it would be certainly interesting to fully 
understand how the duality symmetry connecting both 
dHJ) and gl]), and the fact that T-duality (though in 
a different direction) also connects the trumpet geome- 
try to the AdSs space. Actually, the CFT description 
of AdS-$ strings is closely related to that of the theory 
formulated on the manifold (|42[) which, as mentioned, is 
the product of time and the Euclidean 2D black hole. 
Algebraically, such relation regards a natural realization 
of the symmetries that the worldsheet theory presents; 
and having a geometrical picture of it provides a way 
for working out the details of the connection existing be- 
tween both realizations. 



V. CONCLUSIONS 

In this paper, we studied the T-duality in three- 
dimensional bosonic string theory from the viewpoint of 
the low energy effective action. Such duality symmetry 
is known to manifest that different spacetime configu- 
rations can be interpreted as two different regimes of 
the same string background. Within the framework of 
the CFT description of the theory, two models that are 
connected by T-duality are indeed completely equivalent 
and consequently the two target-space interpretations are 
equally valid. More generally, if the isometry with respect 
to which one performs a given T-duality transformation 
corresponds to a spacelike compact direction, then the 
original solution and its dual correspond to the same 
conformal field theory [l[. More concisely, the CFT de- 
scription of both sides of the duality map are equivalent 
and, in terms of the stringy description, this is typically 
realized by the interchange between winding and Kaluza- 
Klein momenta in the compact direction. According to 
this picture, those configurations that result to be self- 
dual are such that this interchange of quantum numbers 
can be realized on the same spacetime. These configu- 
rations are thought of as gathering important properties 
of the string theory in particular in what respects to its 
symmetries. 

Here, we investigated the simplest case of nontrivial 
self- T-dual configurations and identified minimum cri- 
teria that yield a classification of previously known ex- 
act solutions of three-dimensional string theory. This 
amounts of imposing stringent self-duality conditions, so 
that the duality transformation was thought of to be per- 
formed along an isometry direction generated by a Killing 
vector with constant norm. It is highly remarkable that 
the pdes system resulting from the low energy string 
equations become fully integrable in this case. The first 
consequence of this fact is that the resulting solutions 
are necessarily stationary, i.e. a Birkhoff ' theorem of the 
sort of the one proven in [16| for pure gravity is obeyed by 
these configurations. An unusual fact we found through 
the computations is that, in order to make integrability 
manifest, it was necessary to take one of the gauge elec- 
tions as imposed on the string coupling: the dilaton. In 
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spite of the fact that the above is a nonstandard proce- 
dure it results fully justifiable at the local level (as we 
show in Appendix |B|) . 

Our main results can be stated as follows: for the 
case of nontrivial string coupling, the lower energy string 
backgrounds with a constant norm Killing field that are 
additionally self-T-dual are uniquely described by a two- 
parametric class, including only three nonsingular cases: 
the charged black string, the exact gravitational wave 
propagating along the extremal black string, and flat 
space with a linear dilaton. Besides, for a constant 
string coupling, the only self-T-dual lower energy string 
background under the same assumptions corresponds to 
the Coussaert-Henneaux spacetime. We also discussed 
other cases and, along this work, we went through the 
bestiary of three-dimensional string backgrounds. Actu- 
ally, we presented a survey of fixed points of T-duality 
transformations in three-dimensional low energy effective 
bosonic string theory. We did this by means of stan- 
dard techniques for solving the equations of motion of 
three-dimensional gravity models, and the fact of having 
worked out a classification for the described self-dual so- 
lutions in such a simple way provides an example about 
how the techniques developed in Ref. [l6[ were suitable 
to be used within a more general context. 



Acknowledgments 

We thank A. Anabalon, D. Correa, J. Edelstein, 
M. Hassa'ine, C. Martinez, J. Oliva, R. Portugues, 
R. Troncoso, and J. Zanelli for useful discussions. EA- 
B specially thanks to H. Garcfa-Compean and C. Soto- 
Campos for introducing him to this subject. GG spe- 
cially thanks the Centra de Estudios Cientfficos (CECS), 
Valdivia, for the hospitality. This work is partially 
supported by grants 1040921, 7040190, 1051064, and 
1060831 from FONDECYT, grants COl-41639 and C02- 
44598 from CONACyT, and by CONICET and Universi- 
dad de Buenos Aires. Institutional support to the CECS 
from Empresas CMPC is gratefully acknowledged. CECS 
is a Millennium Science Institute and is funded in part 
by grants from Fundacion Andes and the Tinker Founda- 
tion. GG is Member of the Consejo Nacional de Investi- 
gaciones Cienti'ficas y Tecnicas (CONICET), Argentina, 
and Junior Associate to the Abdus Salam International 
Centre for Theoretical Physics (ICTP), Italy. 



APPENDIX A: LOW ENERGY STRING 
EQUATIONS FOR SELF-T-DUAL 
BACKGROUNDS 

A low energy string background is determined by 
Eqs. ©. In three dimensions the Kalb-Ramond strength 
must be proportional to the volume three-form rj a ^ = 
y/— gfap-y (^trip = +1) an d such proportionality is 



straightforwardly fixed by Eq. (|2bp as being 



H, 



2<i> 



af3~y ?1af3^: 



(Al) 



where c is an integration constant related to the ax- 
ion charge per unit length. Using the above expression, 
the independent Einstein equations for a geometric back- 
ground of the form |J7J| take the following form 



NF , 
~2~ 



- -lE/ -E r r -WE lp *) = (I 



N 2 F 2 (^) = 0,(A2a) 



^2$ / _-2*/ z?-i 



ES + E v * + WE v * = —l- 



e" 2 * / e 6 * (e- 4 *JV 2 F)'Y 



2N 



N 



4F($') 2 +c 2 e 4 * 



0,(A2b) 



(F$') / $ 

- H/ r — 




2e 



-4* 

— (E^ + WE^) 



N 



0,(A2f) 



where (. . .) and (. . .)' denote derivatives with respect to 
the coordinates t and r, respectively, and E a p = are 
the components of the Einstein equations (f2aj) . The re- 
maining dilaton equation (|2cp is given by 



e 2 * / e" 2 *$ \ e 2 * 



N \ NF 



N 



(NFe- 2 *®' 



I c 



4$ 



k= - 

(A2g) 

From Eqs. (|A2d[) and (|A2cp it is clear that the quantity 

a 3 e" 



J 



N 



(A3) 



is an integration constant. The remaining equations de- 
termine the form of F(t,r), N(t,r), and W(t,r), while 
<fr(f , r) is fixed by choosing an appropriate coordinate, as 
it is justified in the Appendix B. 



APPENDIX B: JUSTIFYING GAUGE 
ELECTIONS 

Something that can be found puzzling is the fact that 
the last gauge election on the cases v 2 ^ of Sec. IIIII 
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were taken on the dilaton and not on the metric func- 
tions as usual. However, this choice is fully consistent 
with the previous ones which allow to write the metric 
as in Eq. ([7]) . In order to avoid any confusion we dedicate 
this appendix to justify this item. The key point here is 
that after fixing g% T = = g vr , metric ([7]) presents a 
residual symmetry, it is form-invariant under the coordi- 
nate transformation 

(t,r,<p)~ (i=fi{t t r),f = f 2 (t,r),$ = <p + f 3 (t,r)), 

(Bl) 

together with the redefinitions 



F = Fi {&) 




where the functions fi, i 
tions 



flf! 



N 2 F 2 

fifa-fiifs-W) = 

related to the fact that the transformation (|B1[) respects 
the gauge election, i.e. gj f = = g^f. So, the remaining 
gauge choice just corresponds to fix one of the above 
functions. Hence, in order to recover, for example, the 
gauge election ([9]) we just need to make a transformation 
of the type discussed above, with / 2 = ae - *, and where 
the functions f\ and fs are obtained from the linear first 
order pdes 



$'iV 2 F 2 
d t j d, 

$'7V 2 F 2 



h = 0, 



dr)h = W. 



(B7) 
(B8) 



On the other hand, the gauge election (|16p is obtained 
by means of a similar transformation, where this time 
fi = ae~* and where the functions f% and /a come from 
solving the linear first order pdes 

<$>'N 2 F 2 \ 
dt t d r )f 2 = 0, (B9) 



4> 



9t ¥ d r ] f 3 = W. 



(BIO) 



Finally, for the gauge choice of Subsec. lTlI Cl we substitute 
F = 1 in Eq. (|B2[) which provides a third condition on the 
functions fi, i — 1,2,3, additional to the conditions (|B5P 
and (|B6[) , and additionally determines the corresponding 
transformation. The solutions of all the previous first 
order pdes can be found integrating their corresponding 
characteristic ordinary systems. This guarantees the ex- 
istence of the related coordinate systems. 



APPENDIX C: ON SELF-T-DUAL DIRECTIONS 
WITH NONCONSTANT NORM 

Now, let us comment on the existence of more gen- 
eral examples than, while still satisfying the requirements 
for self-T-duality, do not necessarily present a constant 
norm Killing vector along the isometry direction where 
the T-duality is being performed. We explore this pos- 
sibility within a simple set-up according to which the 
Kalb-Ramond field is set to zero and the metric 
and dilaton acquire the following form 



g = e 2 ^ y \- 
$ = $(t,y), 



-dt 2 + dy 2 )+e 2 ^ t ^dx 2 , (Cla) 

(Clb) 



for a pair of differentiable functions £ and \& which, like 
the dilaton $, are assumed to depend only on the coor- 
dinates t and y. 

Thus, the idea is to find a configuration that could 
still be self-T-dual along the direction d x even though the 
function ~ lng xx — *&(t, y) is nonconstant. This would be 
possible due to the fact that a self-T-dual solution is one 
that, after performing the T-duality transformation, re- 
covers its original form up to diffeomorphisms and gauge 
transformations. Hence, a given configuration (jClj) is 
self-dual if there exists a diffeomorphism 



*: (t,y)^(T(t,y),Y(t,y)), 
that leaves the two-dimensional metric block 



(C2) 



,(2) 



e 2 ^\-dt 2 + dy 2 ), 



invariant, and for which the conditions 

9(t,y) = -y(t,y) = y(T(t,y),Y(t,y)), (C3a) 
Mt,y) = $(t,y)-y(t,y) = $(T(t,y),Y(t,y)), (C3b) 

are obeyed. These functional conditions does not look 
a priory so restrictive; in particular, if the coordinate 
transformation satisfy to be an involution, * 2 = 1, then 
the first condition (|C3a[) is a consequence of the second 
one (|C3b[) . meaning that it is simply requesting that the 
corresponding metric function is the non-invariant part 
of the dilaton under the action of *, so that ^>(t, y) is odd 
with respect to it. 

It is instructive to think in the concise example where 
£(t,y) turns out to be symmetric under parity trans- 
formation *: j h — y while the function ^(t,y) is as- 
sumed to agrees the odd part of the dilaton, namely 
^>(t,y) = Q(t,y) — <f>(t,—y). Notice that such an ansatz 
would lead to a self-T-dual configuration even for a non- 
constant ty(t,y) satisfying these requirements. In fact, 
by applying T-duality along the direction x, one would 
obtain 



g = e 2 ^y)(-dt 2 + dy 2 
$ = *(t,y)-*(*,y), 
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which means that ^(t, y) is odd under reversing the sign 
of y. Now, the requirements mentioned above would yield 
the following dual configurations 

g = e W,-v)(-dt 2 + {-Ifdy 2 ) + e 2 *^-y>dx 2 , 
i = $(t,-y). 

Hence, by simply renaming coordinates as y i— > Y = —y, 
we would certainly reobtain the original configuration. 
This can be straightforwardly extended to the generic 
form *: (t, y) i— > (T(t,y),Y(t,y)) we were discussing 
above. 



This kind of construction would provide concrete ex- 
amples of self-dual backgrounds only if the conditions 
(|C3j) are compatible with the low energy string equa- 
tions. Nevertheless, the straightforward efforts to find 
explicit non-trivial examples do not prove to succeed. In 
fact, the stationary branch related to the configuration 
(IC1[) . when there is no dependence on time, turns out 
to be fully determined from the low energy string equa- 
tions by using a different gauge election. The resulting 
stationary configuration is only self-dual if #(y) = 0, i.e. 
for a constant norm self-dual direction. 
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